The fracture mechanics properties of injection-moulded low-density polyethylene (LDPE) sheets were investigated both experimentally and numerically. The total work of fracture was determined experimentally, by means of fracture mechanics testing of sheets of injection-moulded LDPE with side cracks of different lengths. A multi-specimen method, proposed by Kim and Joe (1987) , was employed. The total work of fracture was estimated to 13 kJ/m 2 . The experiments were simulated numerically using the finite element method. Crack growth was enabled by inclusion of a cohesive zone, and the constitutive response of this zone was governed by a tractionseparation law. The local (or essential) work of fracture was estimated through numerical analyses, where the initiation of crack growth was simulated and the outcome was compared to the experimental results. The local (i.e. essential) work of fracture was estimated to 1.7 kJ/m 2 , which is consistent with previous experimental measurements for the material in question. The total work of fracture, retrieved from the present experiments, agreed well with the far field values of the J-integral in the numerical analyses.
Introduction
The present paper concerns fracture mechanics of soft polymers. More specifically, the work of fracture of a low density polyethylene (LDPE) is investigated. Polyethylene is a polymer that may exhibit different degrees of crystallinity, mainly depending on the degree and type of branching of the polymer chains, which governs the ability of the chains to crystallize. Hence, high density polyethylene (HDPE), which exhibits the highest degree of crystallinity, is the stiffest and hardest type of PE. Another version of PE is linear low density polyethylene (LLDPE), which is the most amorphous of the PE grades discussed in the present work. All of these versions of PE have a semi-crystalline microstructure and are extremely ductile at room temperature. As a result, they exhibit an elastic-viscoplastic and/or viscoelastic mechanical behaviour.
The energy required to propagate a crack in such a material may be divided into (at least) two parts. The first part, sometimes denoted the essential work of fracture, is associated with the fracture process at the very crack tip. For polymers, such as polyethylene, this process includes void formation and coalescence, and fibril formation and failure in a craze zone ahead of the crack tip. The second part of the work of fracture is associated with viscous dissipation in the region surrounding the crack tip. This second process includes plastic work required to cause crack tip blunting but also other dissipative plastic, viscous, and damage processes that may take place around the deforming crack tip. Both of these contributions to the total work of fracture are expected to be ratedependent.
These contributions to the total work of fracture have been investigated in several numerical studies. Tvergaard and Hutchinson, for instance, studied the contributions from the fracture process and crack tip plasticity to the total work of fracture for the case of small scale yielding and for a class of general, elastic-plastic materials [1] . In three similar studies, Kroon investigated the contributions of viscous processes at the crack tip to the total work of fracture in soft polymers during steady-state crack propagation [2] [3] [4] .
In the present work, we adopt a computational framework for assessing the work of fracture in soft polymers undergoing finite deformations. The material is taken to be anisotropic, and crack propagation is enabled by the inclusion of a cohesive zone in the model [e.g. [5] [6] [7] [8] [9] . The present study also includes experimental work, where the total work of fracture of an LDPE material is determined. A number of experimental schemes have been proposed for assessing the fracture mechanics properties of soft polymers, [e.g. [10] [11] [12] [13] [14] [15] [16] [17] [18] . Most of these methods enable the determination of the total work of fracture. However, the essential work of fracture (EWF) method [19, 20] is an attempt to determine the fracture (or surface) energy at the very tip of the crack during crack initiation and propagation. The method has been applied for determining the essential work of e.g. pure polyethylene [21] [22] [23] [24] , polyethylene composites [25, 26] , and PETG [27] . However, the method must be seen as highly approximative, since it is based on extrapolation. In the present work, we adopt the method of Kim and Joe [16, 17] for estimating the total work of fracture of the LDPE material in question, but results from EWF estimates from the literature are also discussed.
The paper is organized as follows: In Section 2, a concise formulation of the problem to be analyzed is provided. The problem is analyzed both experimentally and numerically. Section 3 contains a description of the experimental study, and Section 4 describes the numerical model that is used to analyze the problem. In Section 5, the experimental and numerical results are presented, and Section 6 contains a discussion and some concluding remarks.
Problem formulation
The geometry of the problem to be analyzed is illustrated in Fig. 1 . An orthogonal coordinate system X 1 -X 2 -X 3 is introduced. A quadratic polyethylene sheet (white) with a side length W and of thickness B is clamped between two identical and rigid grips (grey). The width and height of the grips are W g and H g , respectively, and the dimensions of the part of the polyethylene sheet that is free to deform are W and H. The polyethylene sheet is mounted symmetrically between the grips. The sheet contains a sharp side crack of length a, which is perpendicular to the loading direction. The upper grip is attached to a fixed hinge, and the load is applied to the lower grip through a second hinge, as indicated in Fig. 1 . The applied load is denoted by P, and the associated load-line displacement is denoted by δ. The J-integral is evaluated along contours around the crack tip, as indicated in Fig. 1 .
Experiments

Material
A low-density polyethylene (LDPE) was tested. The test specimens originate from sheets that had been manufactured through an injection-moulding process, see Fig. 2 . The flow direction is denoted by 'MD', the cross direction by 'CD', and the thickness direction is denoted by 'TD'. The sheets had a thickness of = B 0.60 mm. The details of the injection-moulding process used have been described in a previous paper [28] . With regard to coordinate directions, we assume that ⇔ X MD 1 , ⇔ X CD 2 , and ⇔ X TD 3 . Uniaxial tensile testing of dog bone-shaped test specimens, punched out from such sheets, was performed in a previous study [28] . Fig. 1 . Geometry of the problem to be analyzed.
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Engineering Fracture Mechanics 192 (2018) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] These results enabled the determination of the anisotropic elastic and plastic properties of the material. In the present study, fracture mechanics testing is performed. Quadratic specimens, with a side length = W 79 mm, were therefore punched out from the same type of injection-moulded sheets for the fracture mechanics testing, see Fig. 3 .
The crack in the specimens was introduced using a razor blade. In total, 7 different initial crack lengths were investigated, i.e. = a 24, 26, 28, 30, 32, 34 , and 36 mm, see Fig. 1 .
Testing procedure
A standard tensile testing machine was used for the fracture testing. The test specimens were mounted between two aluminium grips, as indicated in Fig. 1 . The dimensions of the grips were = = W H 65 g g mm, and the distance between the grips, i.e. the gauge length, was = H 65 mm. The testing was performed under displacement control and using a constant grip separation speed of = δ̇0.5 mm/s. During the test, the force, P, and displacement, δ, were registered. The specimens were loaded up to the point when initiation of crack growth was observed, after which the specimens were immediately unloaded using the same loading velocity. The observed force and displacement at initiation of crack growth is denoted by P cr and δ cr , respectively.
Initiation of crack growth was registered by drawing a vertical line with a width of 0.5 mm in front of the crack tip. Complete disruption of this line was taken as initiation of crack growth.
Evaluation of work of fracture
Based on the force vs. displacement curves, attained from the fracture mechanics tests, the work of fracture can be estimated by use of the Locus method [16, 17] . The method is illustrated in Fig. 4 , where it is assumed that specimens with crack lengths = … − a a a a a , , , ,
have been used. In the method, it is assumed that the critical value of the J-integral, J c , causing initiation of crack growth, is constant and independent of crack length. The energy U a ( ) c is defined as the area enclosed by the force-displacement curve for crack length a, the locus curve defined by the points of crack initiation, and the δ-axis, as illustrated in Fig. 4 . Hence, J c may be estimated as 
which may be generalized to
The energy U a ( ) c is evaluated for each crack length and then plotted versus the crack length, such that the slope of that curve (Eq. (2)) may be used for estimating the work of fracture, J c .
The estimate J c should be interpreted as an estimate of the far field value of the J-integral, i.e. J ff . For an elastic-plastic material, 
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the J-integral will in general be path-dependent due to plasticity, damage, and other types of dissipation at the crack tip. However, the far field value, J ff , is evaluated some distance from the crack tip, where the material remains elastic and where the integral is therefore still path-independent.
Numerical model
Preliminaries
The experiments were simulated using a finite element model, and the finite element code Abaqus [29] was used. Due to the small thickness of the polyethylene sheets (compared to the in-plane dimensions) and due to the fact that no out of plane deformations (buckling) were observed, a 2D model was adopted, in which a state of plane stress was assumed.
Boundary conditions were applied in accordance with the experimental setup. The loading was imposed in terms of a prescribed force at the bottom of the lower grip. The maximum force from the experiments,
, defined the total force that was applied to the specimens. (Strictly speaking, this is inconsistent with the experimental procedure, since in the experiments, the displacement is prescribed rather than the force. However, since we believe that P cr is more accurate/reliable than δ cr , it is convenient to run the simulations in force control rather than displacement control, and this deviation has no affect on the simulation results.)
The simulations were performed in the form of implicit dynamic simulations, such that inertia was included in the analyses. The densities = ρ 940 PE kg/m 3 and = ρ 1000
Al kg/m 3 were used for the polyethylene sheets and the aluminium grips, respectively. The total force P cr was applied linearly during a time step of = t 0.1 s s. Crack growth was enabled by including a thin cohesive zone along the crack plane. Initiation of crack growth was taken to correspond to the stage in the simulation when the first 0.5 mm of the cohesive zone had been completely damaged (corresponding to the crack disrupting the drawn line in the experiments).
Discretization
The different parts of the model were discretized using finite element meshes. The aluminium grips were modelled using quadratic elements with a side length of 4 mm (linear shape functions). Fig. 5(a) shows the discretization of a polyethylene sheet. The mesh shown was the standard mesh used in the simulations. In this mesh, the largest elements in the model had a side length of about 4 mm. The mesh for the PE sheets was refined in the close proximity of the cohesive zone, see Fig. 5(b) , where only the upper half of the polymer sheet and the cohesive elements are shown. The characteristic size of the elements in the refined zone closest to the cohesive zone was = l 0.2 rz mm. Quadratic shape functions were used for the continuum elements of the PE sheet. The size of the 
M. Kroon et al. Engineering Fracture Mechanics 192 (2018) 1-11
(quadratic) cohesive elements was = l 0.02 cz mm, and linear shape functions were used. The different sections of the model, i.e. the grips, the bulk of the polyethylene sheet, and the cohesive zone in the polyethylene sheet, were 'glued' together using the 'tie' command in Abaqus, such that the discretizations of the different sections didn't need to be compatible with each other.
Material models
The aluminium grips were modelled as isotropic, MPa [28] . The in-plane elastic and plastic properties of these polyethylene plates were determined in a previous study [28] . The elastic properties of the thickness direction (TD) were taken to be the same as for CD and MD.
The plastic response was modelled by use of Hill's plasticity model and yield criterion [30] , which enables modelling of anisotropic yielding and hardening. Due to lack of information about the plastic response of the thickness direction, we assumed the same plastic properties for TD as for CD.
In Abaqus, Hill's model is formulated in terms of the yield stress ratios . Plastic hardening is modelled by use of an isotropic hardening behaviour on the form
where σ 00 is the initial value of the reference stress σ 0 (= σ y,11 ) at the beginning of the analysis, H is the hardening modulus, and ∊ p is the (equivalent) plastic strain. The parameters used for modelling the plastic behaviour are listed in Table 1 . The resulting predictions of the stress-strain behaviour are illustrated for MD and CD in Fig. 6 together with experimental curves from Kroon et al. [28] . (These simulations were performed using a cubic test element.) The material response shown in Fig. 6 is taken to be the inviscid response of the material at low deformation rates. The plastic response of TD is taken to be identical to CD.
As can be seen in Fig. 6 , the model prediction for MD is excellent, whereas the prediction for CD deviates somewhat from the experimental results. Abaqus enables the definition of a user-defined hardening behaviour but not separate hardening functions for different material directions. Hence, the hardening behaviour in the model was adjusted to fit the MD response, since the polyethylene sheets are primarily loaded in MD.
The constitutive response of the cohesive zone is modelled by use of a traction-separation law, see Fig. 7 . The entities T n and δ n denote the normal traction and surface separation in the cohesive zone, respectively. (Due to the symmetry of the problem, the shear modes do not come into play.) The maximum nominal traction that the zone can sustain is T max , which occurs at the surface separation δ c . At a surface separation of δ f , the cohesive zone is completely damaged and completely looses its load-bearing capacity. The initial stiffness of the traction law is denoted by = E T δ / n m a x c . The local work of fracture, Γ 0 , is attained as the area under the traction separation law, i.e.
The entity Γ 0 may be interpreted as the local value of the J-integral for an integration contour that is located at the very tip of the crack, i.e. = J Γ 0 t i p . In the numerical simulations, E ,Γ n 0 , and T max are prescribed. The constitutive response of the traction-separation law is mainly governed by Γ 0 and T max . In the present analyses, = T 20 max MPa and = E 300 n MPa/mm were employed as standard values. The value of Γ 0 was then adjusted to fit the point of initiation of crack growth in the experiments.
Computation of the J-integral
The J-integral was also evaluated in the simulations. A total number of 20 contours with increasing distance from the crack tip Table 1 Parameters in plasticity model. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] was used in the evaluation for each crack geometry. The J-values pertaining to the outer contours were virtually the same, indicating that they were located in the elastic domain of the specimens. This far field value of J, i.e. J ff , could be compared to J c from the experiments.
Results
Experimental results
The outcome of the fracture mechanics testing is shown in Fig. 8 in terms of the load vs. load-line displacement graphs for the different crack lengths. The end of each curve indicates initiation of crack growth, in the sense that the 0.5 mm thick line drawn in front of the crack tip was disrupted. As indicated above, two tests were done for each crack length. The stiffness response increases with decreasing crack length. There is also a general tendency that the critical force at initiation of crack growth decreases with increasing crack length. The values of the critical force, P cr , is plotted vs. crack length in Fig. 9 . There is an anomaly for = a 24 mm, for which P cr is smaller than for = a 26 mm. Otherwise it is evident that the critical force decreases linearly with the size of the ligament of the test specimen.
The force curves were averaged, and the energy U c was calculated for each crack length. These discrete values, … U U 
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Numerical results
The experiments were simulated using the numerical model, and the applied load corresponded to the maximum force from the experiments at initiation of crack growth for each crack length. Fig. 11 shows the average force vs. displacement curves from the experiments together with the associated predictions from the numerical simulations. As can be seen, there are notable, although not alarming, discrepancies between experiments and simulations.
For the analyses in Fig. 11 , the value of J ff at the end of the analyses was also calculated, and the outcome is shown in Fig. 12 . As can be seen in Fig. 12 , the predictions of J ff from the simulations agree very well with the experimental estimate, 13 kJ/m 2 , and for most of the simulations, the deviation is less than 10% compared to the experimental value.
The behaviour of the bulk (PE) material was completely determined by previous tensile testing, and the only material parameters that remained to be determined by comparison to the fracture mechanics tests were the parameters of the cohesive law, where Γ 0 and T max are the most prominent. Hence, for a given value of T max , the local work of fracture, Γ 0 , was adjusted such that the initiation of crack growth in the simulations occurred at the same load as in the experiments. In this way, Γ 0 was determined with an accuracy of two significant figures.
The outcome of the analyses is summarized in Table 2 . Hence, first of all, the values of Γ 0 that produced a crack growth of 0.5 mm (corresponding to 25 completely damaged cohesive elements) for different crack lengths are listed in Table 2 . In fact, for all crack 
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In Fig. 13 , an example of an arrested and blunted crack tip is shown ( = a 28 mm). The distribution of the maximum principal true (Cauchy) stress, σ 1 , is shown. Fig. 13(a) shows the whole PE sheet (mesh not shown for the sake of clarity), and Fig. 13(b) shows a close-up of the blunted crack tip. The damaged cohesive elements can be seen at the blunted crack tip. About 25 cohesive elements have been completely damaged, which corresponds to a crack increase of 0.5 mm. 
Engineering Fracture Mechanics 192 (2018) 1-11 In Fig. 13(c) and (d) , images of the physical crack geometry from one of the experimental tests are shown (also = a 28 mm). These images are also taken at the very instant of initiation of crack growth. Fig. 13(c) shows the whole crack, and a comparison with Fig. 13(a) reveals that the geometry of the predicted crack agrees well with the physical test, both qualitatively and quantitatively. The same conclusion holds for the close-up images in Fig. 13(b) and (d) .
The solution in Fig. 13 is for = Γ 1.7 0 kJ/m 2 , which resulted in an array of completely damaged cohesive elements with a length of about 0.5 mm. Changing Γ 0 by ± 0.1 kJ/m 2 would, in general, change the predicted crack growth by ∓5-10 cohesive elements, i.e.
∓0.1 mm. Hence, determination of Γ 0 beyond two significant figures was not deemed meaningful. As indicated above, the dominating parameters of the cohesive law are Γ 0 and T max . For this reason, the influence of the maximum traction, T max , was also investigated. Hence, the resulting estimate of Γ 0 for the cases = T 15 max MPa and = T 25 max MPa were also determined, and the outcome is shown at the bottom of Table 2 . As can be seen, a change of ± 5 MPa in T max causes a change of 0.2 kJ/m 2 in the estimated value of Γ 0 . An increase in T max means that the plastic strains at the crack tip must increase in order to produce stresses that enable damaging of the cohesive elements, which in turn means that more plastic dissipation takes place. Thus, less local fracture energy in terms of Γ 0 is required to withstand a given external load. In other words, for a given total work of fracture, increasing T max causes a redistribution from local fracture energy, Γ 0 , to dissipation in the form of crack tip plasticity. The influence of the mesh was also investigated. A mesh where the size of the smallest bulk and cohesive elements was doubled was utilized in a simulation for the case = a 24 mm (and = T 20 max MPa). The resulting estimate of Γ 0 was 2.0 kJ/m 2 . Thus, a certain mesh dependence exists in the present results, but the overall tendencies should still be valid. Furthermore, the influence of the initial stiffness in the cohesive law, E n , was checked by applying a double stiffness, = E 600 n MPa/mm (using standard values for the other model parameters). This modification did not cause any change in the estimated value of Γ 0 , i.e. = Γ 1.7 0 kJ/m 2 was still the estimated value of the local fracture energy. One simulation with an increased simulation time, = t 1 s s, was also done, to ensure that inertia did not affect the simulation results. A change in t s from 0.1 s to 1 s did not cause any significant changes in the simulation results.
Discussion and concluding remarks
The fracture mechanics properties of PE are of great practical interest. Crack initiation and growth in polyethylene seem to take place through formation and subsequent breakdown of a craze zone ahead of the crack tip [31] [32] [33] [34] . This process is driven by localized plastic strains, initiation and coalescence of voids, and formation of fibrils that eventually fail. This is the damage process that governs the fracture toughness of polyethylenes. Chudnovsky et al. [33, 35] provide a detailed theoretical analysis of this damage process through their 'crack layer' concept, but in general, the damage process can be well described by the more simple cohesive zone approach.
The cohesive zone approach, adopted in the present study, is a powerful computational tool for modelling crack initiation and growth. This approach requires (among other things) knowledge of the local fracture energy of the material. One of the outcomes of the present study is an estimate of this local fracture energy for LDPE. The cohesive zone approach has also been employed in several other studies for modelling crack growth in polyethylenes. For instance, Ivankovic et al. [36] use a similar computational framework as in the present study and simulate crack growth in a polyethylene three-point-bending test specimen. The works by Ting [34] and Janko et al. [37] are other examples.
A qualitative investigation of the crack tip deformations was performed using a microscopy, see Fig. 14. The evolution steps in Fig. 14 were determined by examining the crack growth under magnification. Steps (a)-(c) demonstrate that a strain localization occurs at the growing crack tip. Finally, the localized portion ruptures, shown in (d), and the material relaxes and recovers partially, as shown in (e). In the relaxed configuration after failure, there is a remaining ridge in the middle of the fracture surface, as illustrated in (e). Clearly, there is a lot of plasticity involved at the crack tip. Even so, final rupture does not seem to take place by complete plastic collapse, since the remaining thickness of the sheet at final failure is still substantial.
In Fig. 15 , images of the crack surface are shown from two slightly different angles. (Hence, the images in Fig. 15 were retrieved after substantial crack growth had taken place in the specimen rather than at crack initiation.) As mentioned in connection to Fig. 14(e) , the failure process leaves a remaining ridge of ruptured material, and this ridge can be seen in both Fig's 15(a) and (b) . The width of the fracture surface could be estimated from the images, yielding a width of about
mm. This means that the remaining thickness is = 0.3/0.6 50% of the initial thickness. This measurement agrees very well with the numerical analyses, where the remaining thickness was predicted to be about 50-55% of the original thickness.
Several measurements of the fracture properties of polyethylenes have been reported in the literature. For instance, many attempts have been made to establish the essential work of fracture. However, the dispersion in these estimates is significant. This dispersion can probably be attributed to differences in experimental method, but above all to differences in molecular structure and processing of the materials. For HDPE, the estimates range from 1.7-2.9 kJ/m 2 [38] up to 20-40 kJ/m 2 [24] and with other estimates in between [39, 40] [44] , where the last study was performed on thin films of different thickness.
The numbers above are supposed to be estimates of the local fracture energy of these polyethylene grades, but the highest of them seem to rather reflect the total work of fracture. The total work of fracture of these materials has also been estimated experimentally; for HDPE, 29 kJ/m 2 [13] , and 10-40 kJ/m 2 [45] (variation due to differences in loading rate), and for LDPE, 10 kJ/m 2 [14] and 82.6 kJ/m 2 [46] .
Hence, the estimate of the total work of fracture of LDPE by Garcia Brosa et al. [14] agrees well with the present estimate of 13 kJ/m 2 . Also, the lower estimates of the local fracture energy (or essential work of fracture), i.e. the values reported by Wang et al.
[42] and Semrick [38] , agree well with the present estimate of Γ 0 , i.e. 1.7 kJ/m 2 . The estimate for Γ 0 was surprisingly constant when evaluated for different crack lengths. That is, the value 1.7 kJ/m 2 was, in fact, obtained for all crack lengths tested.
As discussed above, the two main parameters of the cohesive law are the local fracture energy, Γ 0 , and the maximum traction, T max . In one study by Pandya and Williams, an attempt was made to determine experimentally the parameters in the cohesive law of an HDPE material [45] . According to those results, the maximum traction, T max , can be expected to vary depending on the deformation rate. A rate-dependent maximum traction was not accounted for in the present analysis. However, another interesting result from the study by Pandya and Williams was that the ratio between the rate-dependent maximum traction and the (like-wise) rate-dependent yield stress seemed to be fairly constant, i.e. ≈ T σ / 2 max y , where σ y denotes an isotropic but rate-dependent yield stress. In the present study, we adopted the value = T 20 max MPa, which thus seems justified, since the yield stress in MD was about 10 MPa. The influence of variations in T max was investigated in the present study, and as demonstrated in Section 5, the choice of T max does have an influence on the resulting fracture energy, Γ 0 .
The local fracture energy, Γ 0 , and the total work of fracture, J ff , were estimated to 1.7 and 13 kJ/m 2 , respectively. In other words, the local fracture energy is estimated to contribute with somewhat more than 10% to the total work of fracture, and the rest must be attributed to plasticity, damage and other dissipative processes around the crack tip. The low-density polyethylene material considered in the present work is rate-dependent, and the rate-dependency was quantified in a previous paper by the present authors [28] . The fracture mechanics testing in the present study was performed at a low deformation rate, in order to minimize the influence of the deformation rate. However, the attained value of the local fracture energy, Γ 0 , can hardly be expected to be a material constant. Hence, changing the loading rate is expected to produce a different value of Γ 0 (either higher or lower), i.e. Γ 0 is also expected to be rate-dependent. As discussed above, the fracture process at the very tip of the crack does not consist of a 'clean' separation of two smooth surfaces, but rather of a sequence of complex viscous damage processes. A significant rate-dependence in Γ 0 is therefore to be expected. 
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Engineering Fracture Mechanics 192 (2018) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] In summary, an experimental and numerical study of the fracture mechanics behaviour of injection-moulded low-density polyethylene has been performed. The total work of fracture was determined experimentally, where the testing was performed on sheets with side cracks. The local work of fracture was estimated through numerical analyses, where the initiation of crack growth was simulated. In the numerical formulation, initiation of crack growth was modelled by use of a cohesive zone and an associated traction-separation law. The estimated local work of fracture is consistent with previous experimental measurements of the essential work of fracture of the material in question, and the total work of fracture, retrieved from the present experiments, agreed well with the calculated far field values of the J-integral from the numerical analyses.
